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Àííîòàöèÿ

Äàííûé êóðñ ÷èòàëñÿ íà âòîðîé íåäåëå ñìåíû 2011 ãîäà ËÌØ ïðè ÌÖÍÌÎ
äëÿ øêîëüíèêîâ, îêîí÷èâøèõ 9-10 êëàññû. Îí ïðåäñòàâëÿåò ñîáîé ïðàêòèêóì ïî
ðåøåíèþ çàäà÷ øêîëüíûõ îëèìïèàä, â êîòîðûõ äåìîíñòðèðóþòñÿ çíà÷èìîñòü
ïîíÿòèÿ ôóíêöèè è íåêîòîðûå äîñòàòî÷íî ÷àñòî âñòðå÷àþùèåñÿ êîíñòðóêöèè.
Íà ñàìèõ ñåìèíàðàõ ðàçáèðàëèñü èäåè è îðèãèíàëüíûå ðåøåíèÿ ó÷àñòíèêîâ, êî-
òîðûå ÷àñòî áûëè íå ìåíåå èíòåðåñíû, ÷åì àâòîðñêèå èëè ïðåïîäàâàòåëüñêèå.
Ïîñëåäíåå çàíÿòèå áûëî ïîñâÿùåíî âûâîäó ïðîñòåéøèõ òðèãîíîìåòðè÷åñêèõ
ôîðìóë Ðàìàíóäæàíà. Âñå çàìå÷àíèÿ, óòî÷íåíèÿ è ïîæåëàíèÿ ïðîñüáà ïðèñû-
ëàòü íà greg.koroteev@gmail.com.

Çàäà÷è

1. Íàéòè ôóíêöèþ f(x) òàêóþ, ÷òî f(sin(x)) = cos2(x), ∀x ∈ R.

2. Íàéòè ôóíêöèþ f(x) òàêóþ, ÷òî f(x) + 2f(1/x) = 21/x, x 6= 0.

3. Íàéòè ôóíêöèþ f(x) òàêóþ, ÷òî xf(y)− yf(x) = (x− y)f(xy),∀x, y ∈ R .

4. Äëÿ êàêèõ çíà÷åíèé ïàðàìåòðà a ôóíêöèÿ f(t) = t/(et − 1) + at ÷¼òíàÿ?

5. Íàéäóòñÿ ëè òàêèå ôóíêöèè f, g ñ íàèìåíüøèì ïåðèîäîì T, ÷òî f + g èìååò
íàèìåíüøèé ïåðèîä T/2.

6. F (1) = 2, F (n) = F (n− 1) + 1/2,∀n ∈ N íàéòè F (101)−?.

7. Íàïèñàòü ôîðìóëó, íå èñïîëüçóþùóþ ìîäóëü, ýêâèâàëåíòíóþ 1/2(x+ y+ |x+ y|).

8. Íàéòè f(4)−?, ∆f(x) = f(x+ 1)− f(x),∆2f(x) = ∆f(x+ 1)−∆f(x), åñëè f(1) =
−1,∆f(1) = 4,∆f(2) = −2,∆2f(2) = 6.
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9. Íàéòè f ′(0)−?, åñëè f(x) = f(1− x),∀x ∈ R.
10. Êàêîå çíà÷åíèå èç {−27,−18,−6,−3,−1/2} êîýôôèöèåíò c, ïîëèíîìà p(x) =
x3 + ax2 + bx+ c, ìîæåò ïðèíèìàòü, åñëè èçâåñòíî: p(−3) = p(2), p′(−3) = 0.

11. Äîêàçàòü n5 − 5n3 + 4n
...120,∀n ∈ N.

12. Äîêàçàòü, ÷òî ∀n ∈ N ÷èñëî âèäà n3 + 3n2 + 6n+ 8 íå ìîæåò áûòü ïðîñòûì.

13. Âû÷èñëèòü arctg(1) + arctg(2) + arctg(3).

14. f1, f2 -êâàäðàòíûå ïîëèíîìû, èìåþùèå êîðíè.Èçâåñòíî, ÷òî f1 − f2 íå èìååò
êîðíåé. Äîêàçàòü, ÷òî ìíîãî÷ëåí f1 + f2 èìååò êîðíè.

15. x1, x2 -êîðíè ìíîãî÷ëåíà x
2+2bx+c, à x3, x4 -êîðíè x

2+2cx+b, ïðè÷åì x1x2x3x4 =
1. ×òî ìîæíî ñêàçàòü î ïàðå ÷èñåë (b, c)?

16. f1, f2, f3 - êâàäðàòíûå ïîëèíîìû ñ íåðàâíûìè ñòàðøèìè êîýôôèöèåíòàìè èìåþò
îäèí êîðåíü. Äîêàçàòü, ÷òî êîðíè f1 − f2, f2 − f3, f3 − f1 ñîâïàäàþò.

17. Äàí ìíîãî÷ëåí P (t) = t2 − 4t, äîêàçàòü, ÷òî ïðè âñåõ x ≥ 1, y ≥ 1 âûïîëíÿåòñÿ
ñîîòíîøåíèå P (x2 + y2) ≥ P (2xy).

18. Êàæäûé èç êâàäðàòíûõ òðåõ÷ëåíîâ P1(x) = x2 + px+ q, P2(x) = x2 + qx+ p èìååò
êîðíè. Äîêàæèòå, ÷òî òîãäà êàêîé-òî èç òðåõ÷ëåíîâ Q1 = x2 + (p − 2)x + 1, Q2 =
x2 + (q − 2)x+ 1 èìååò êîðåíü.

19. Ðåøèòü [1/(sin(x))] + [1/(cos(x))] = 0.

20. Ðåøèòü sin(sin(α) + α) = cos(cos(α) + α), åñëè 0 ≤ α ≤ Π/2

21. Íàéòè âñå ôóíêöèè f , óäîâëåòâîðÿþùèå äëÿ âñåõ âåùåñòâåííûõ çíà÷åíèé x, y
óðàâíåíèþ f(x− y) = f(x) + f(y)− 2xy.

22. Ïðè êàêèõ n ñóùåñòâóåò ìíîãî÷ëåí Pn(x) = xn + a1x
n−1 + . . . + an−1x + an ñ

äåéñòâèòåëüíûìè êîýôôèöèåíòàìè òàêîé, ÷òî ïðè âñåõ x ∈ R, Pn(x) ≥ −3, Pn(−2) =
Pn(0) = Pn(2) = 0?

23. ∀a, b, c ∈ R : a+ b+ c = 0, a2 + b2 + c2 = 1 íàéòè a4 + b4 + c4.

24. ∀x, y, z 6= 0 íàéòè xyz , åñëè x+ 1/y = y + 1/z = z + 1/x.

25. Ðåøèòü ñèñòåìó óðàâíåíèé: x+ y + z = 0, 1/x+ 1/y + 1/z = 0.

26. Íàéòè min (
√
x2 − 6x+ 13 +

√
x2 − 14x+ 58).

27. Ñóùåñòâóþò ëè òàêèå ëèíåéíûå êîìáèíàöèè ôóíêöèé Σk,lak,lf
kgl = x, ∀k, l ∈ N

, α) äëÿ f(x) = x2 + x, g(x) = x2 + 2) β)äëÿ f(x) = 2x2, g(x) = 2x γ) äëÿ f(x) =
x2 + x, g(x) = x2 − 2.
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28. Ñêîëüêî ðåøåíèé óðàâíåíèÿ f(f(x)) = x, f(x) = |4− 4|x|| − 2 ?

29. Ñóùåñòâóþò ëè,è åñëè ñóùåñòâóþò, òî êàêèå êîíñòàíòû A,B,C, ϕ, ψ òàêèå, ÷òî
(sin(x− Π/3) + 2)2 + A cos(x+ ϕ) +B sin(2x+ ψ) = C, ∀x ∈ R.

30. Íàéòè âñå òàêèå f , ÷òî âåðíî f(f(x+ y)) = f(x) + f(y), ∀x, y ∈ R.

31. f(x) -ïîëèíîì ñòåïåíè n, èìååò 10 ðåøåíèé â óðàâíåíèè f(x) = 10, è 15 ðåøåíèé â
óðàâíåíèè f(x) = 15. Äîêàçàòü, ÷òî ñðåäè 25 êîðíåé íàéäåòñÿ òàêîé x0 ,÷òî f

′(x0) = 0.

32. Íàéòè âñå òàêèå ïîëèíîìû P (x, y), ÷òî P (x+ y, x− y) = P (x, y), ∀x, y ∈ R.

33. Äâå äðîáíî-ëèíåéíûå ôóíêöèè f(x) è g(x) òàêîâû, ÷òî f(x) − g(x) ≥ 1997 äëÿ
âñåõ x,ïðè êîòîðûõ îáå ôóíêöèè îïðåäåëåíû. Äîêàçàòü, ÷òî ôóíêöèÿ f(x) − g(x)
ïîñòîÿííà íà ñâîåé îáëàñòè îïðåäåëåíèÿ. (Íàïîìèíàíèå: äðîáíî-ëèíåéíîé ôóíêöèåé
íàçûâàþò ÷àñòíîå äâóõ ëèíåéíûõ ôóíêöèé.)

34. a, b, c � öåëûå ÷èñëà,òàêèå ÷òî ìíîãî÷ëåí x3 + ax2 + bx + c èìååò òðè ðàçëè÷-
íûõ ïîïàðíî âçàèìíî ïðîñòûõ íàòóðàëüíûõ êîðíÿ è ìíîãî÷ëåí ax2 + bx + c èìååò
íàòóðàëüíûé êîðåíü. Äîêàçàòü, ÷òî ÷èñëî |a| - ñîñòàâíîå.

35. Ðåøèòü ñèñòåìó óðàâíåíèé: f(x2+1)+g(2x+1) = −1, f ′(x2+1)+g′(2x+1) = 1/x−1.

36. Ðåøèòü ñèñòåìó óðàâíåíèé: f(1/y) + g(1) = 1 + y, y4f(y3) + g(y2) = y + y2.

37. Ðåøèòü ñèñòåìó óðàâíåíèé: f(x) + g(x) = 8 cos(3x)− 3 cos(2x), 3f ′(x)− 3g′(x) =
−18 sin(2x).

38. Ðåøèòü ñèñòåìó óðàâíåíèé: f(3x) + g(3x) = 3 + 3x+ 3/2x2 + sin(2x), f ′(3x)−
g′(3x) = −1/3− x− 2/3 cos(2x).

39. Íàéòè âñå òàêèå f , ÷òî f(sin(πx)) = f(x) cos(πx)), ∀x ∈ R.

40. Íàéòè f(2011), åñëè èçâåñòíî, ÷òî f(2) = 0, f(3) ≥ 0, f(9999) = 3333, f(m + n)−
f(m)− f(n) = 0 or 1,∀m,n ∈ N.

41. Íàéòè f(4, 1981), åñëè èçâåñòíî, ÷òî f(0, y) = y + 1, f(x + 1, 0) = f(x, 1), f(x +
1, y + 1) = f(x, f(x+ 1, y)).

42. Íàéòè âñå òàêèå ôóíêöèè f(x) , ÷òî f(x, f(y)) = yf(x), f(x) → 0 ïðè x → 0,
∀x, y ≥ 0.
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